Handling spatial dependence
under unknown unit locations

Supplementary material

1 Proof of Equation (7)

Proof. According to LeSage and Pace (2009, p. 47), the log-likelihood function
of the SLM (2) is:

InL(p; W) = —g In(270?) + Indet(A) — % (Ay — XB)"(Ay — XB), (SM.1)

where A = I,, — pW, as defined in the paper.
If (SM.1) is concentrated with respect to p, we have (cf. LeSage and Pace
2009, p. 48):

InL.(p; W) = —g In % + Indet(A) — g In [(MAy)™ (M Ay)] , (SM..2)

where M = I,, — X (X" X)~1 X7 is the projection matrix defined in the paper.
Analogously, the concentrated log-likelihood of model (5) is

n . 2me n
InL.(px;Wx) = —3 In T+lndet(AX)—§ In[(MAxy)"(MAxy)] . (SM.3)

Equation (7) is obtained by subtracting Equation (SM.2) from (SM.3). O

2 Proof of Equation (8)

Proof. In case of squared real matrices (as spatial weight matrices are), the
Frobenius norm ||-|| 7 is defined as || A||r = /tr(AAT), for some A € R™*" (Horn
and Johnson 2013, p. 341). Thus, properties of the trace of matrices imply that:

lpxWx = pWl[3 = tr (pxWx — pW)(pxWx — pW)") =
=tr ((pxWx)(pxWx)") + tr (W) (pW)") = 2pxptr(Wx W) =
— ox W2+ [pWI2 — 2px ptr(WWE)
= lpxWx||% + W% = 2px pte (W W)
Standard matrix algebra permits the following identity to be verified for any

quadratic form:
2T Az = tr(Azz™) .

Thus, the trace tr(Wy W) can be seen as the expected value of the quadratic
form v W Wu, where v € R" is a random vector such that E(u) =0 € R" and
E(uu™) = I,. O
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3 Proof of Equations (10) and (11)

Proof. In order to prove Equations (10) and (11), some preliminary results are
first derived.
Since both W,y and W(|am|) are binary matrices, we have that:

W(m)Ln =m, W([amJ)Ln = Lozmj 5 (SM4)

where ¢, = [1,...,1]T € R™.
The perturbation Equation (9) in matrix form becomes:

W, :A+[W(Lamj) —A]@B,

endequation where ©® is the Hadamard matrix multiplication (that is, the ele-
mentwise multiplication). Just like in case of perturbation (9), B;; ~ B(1 — )
for any 7 # j and B;; = 0 for any 4, whereas the elements of A are distributed as
Aij ~ B(lam;|/(n—1)) if i # j, whilst A;; = 0 for any ¢. Off-diagonal elements
of A are statistically independent from off-diagonal elements of B.

Let define @, def tntt — I, € R™™™. From the definition of A and B, it follows
that:

E(A) = (n—1)7" [am]i; © Qn, E(B) = (1 =7)Qn

thus:

E(Wa) =E(A) + W(iam)) ©E(B) —E(A) © E(B) =
=(n—1)""am] by © Qn 4 (1 =W am))+
~ (== am|y ©Q, =
=vy(n — 1)*1 lam]i, © Qn + (1= Y)W(lam)) (SM.5)
since @, ®© @, = @,, and since for any spatial weight matrix W of order n,
Wo,=W.

Since both W(,,) and W( 4., ) are binary matrices based on the nearest-
neighbour criterion, we have that:

Wim))ij >0 = (Wiam)))ij >0 ifa>1
Wlam)is >0 = (Winy)ij >0 fa=1
Wilam)iz >0 = (Wimy)ij >0 if o<1
and thus:
Wim)y © W(lam]) = W (1ra)m)) - (SM..6)

Moreover, note that:

T'm = nm, m™m = nm(1l + k2,), (SM.7)
by definition of m = £ 3" | m; and k2, = =Lz 3" | (m; — m)2.

Finally, define the following quantities:

do f e — lam], do =n" 1" dy (SM.8)



and note that, since 0 < d,, < iy, the following inequality holds:
0<d, <1 for any o € R (SM.9a)

whereas

do =0 for any a € N. (SM.9b)

Correlation between the terms of W,u and W(myu requires covariance and
variances to be computed. The rest of the proof is focused on this.
The expected values of the elements of W,u and W(,,)u is zero, thus the
i=1

covariance between them can be computed as follows:
=n ' EEu WIWmu|Wa)) =

=n ' E(tr(WIW () E(uu™|W,))) =
=n ' E(tr(WIWn))) =
=0 YW E(Wa @ Winy)in - (SM.10)

n

E (i Z(Wa“)i(W(m)“)i> =E (E (711 > (Wat)i(Wimyu)i

From Equation (SM.6) it follows that:
E(Wa ® W(m)) ZE(WQ) ® W(m) =
=y(n—1)7" lam]ig © Wiy + (1= D)W tnaym)) =
Y(n = 1) AWy + (1= NW( (1ra)m)) - (SM.11)

where A % diag(|am]).
Hence, if (SM.11) is substituted in (SM.10), we have:
n_lL;Fl E(Wa O Wim))tn =
=yn " t(n—1)"" lam]"m+ (1 —y)n W1 A a)m] =
~yn—1)"" (a1l +k2)m* —mda) + (1 =) (LA @)m — dipa) ,
because of (SM.4), and since

il Aa)ym| = (1 Aa)um—o (LAa)m — [(LAa)m]) =
= (1A a)nm —ndpa) (SM.12a)
lam|™m = am™m — (am — [am])" m =
= a(m?k2, +m?) —dim ~

~ a(l + k2)m? — md, , SM.12b
( m)

according to (SM.7). 3
Analogously, the variance of the elements of W,u can be computed as follows:

1 o, - - .
E <n Z :(Wau)12> =n YW E(W, © W)ty .
i=1

Note that Wa ® Wa = Wa, since Wa is binary, hence:
E(W, © W,) = E(W,)
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and thus, according to Equation (SM.5) and (SM.12a), we have that:

n~hr E(W, © Wy )in = n~ht E(Wy)t, =
=n~ g lam| + (1 —y)n~ ' lam] =

n

=am—dg.
Finally, the variance of the elements of W(,,,yu can be computed as it follows:
1< - i
E <n ZI(W(77L)U)22> =n ILZ(W(m) ® W(m))Ln =m.

It is now possible to determine the correlation coefficient between the elements
of Wou and W, u as it follows:

cor(Wau, Wimyu) =

E
VE (G S (Wau)?) -E (3 X1, (Wenyw?)

m Vo

= 1+ k2 1—r) ——— SM.13
ry’l’L—l( +Hm)\/a§1+( W)max{]-?a}an ( )
where
df1*(1+d;a) i dflf(fi/iASx*
e K am € o )m
&= ——2—— fo = —————. (SM.14)
— Lo 1— do

If dy = 0 then & = 1 and & = 1, and Equation (SM.13) becomes Equa-
tion (11). Moreover, if x2, = 0, Equation (10) is obtained.

Properties (SM.9) permit one to verify that dipa = 0if @ > 1, hence dipg =
]l{a<1}cf1/\a (being 1.y the indicator function). Basic algebra manipulations
permit the following inequalities to be derived:

2

K - -1
1< & §1—|—1+";2 (am—1)"",

m

1= Tgaeny (@)™ < & <1+ Tgasqy (@m—1)7",

for am > 1, whereas the condition am < 1 is practically irrelevant. O

4 Proof of Equation (13)
Proof. If the binary matrix H € {0,1}"*" is defined as:

Hij = Tyw),; >0y

pertrurbation (12) can be restated in matrix form as it follows:

W=Vo(@Q,-B)oH+W®oB, (SM.15)



def
where Q, = tnty — Ip.

From (SM.15), it follows that:
WoW=VoVe(@Q,-B+WeoWaoB,
WoW=VoWoe@Q,-B+WeoWaeB,

since (@, — B) ® B =0. Thus:
EW @ W) =y(1+w{)ud H + (1= 7)1+ sy )iy H
E(W 0 W) =~(1+ swrvpwy)pw iy H + (1 =) (1 + sy )puiy H
EW o W) = (1 + k)i, H.
Finally we have that:

cor(Wu, Wu) = n_ L EW O W), =
\/n*% E(W © W)t - n~ LI E(W © W),
(1 + swryv pwv)pwpy + (1 =) (1 + &5y iy
V(s YL+ 8303 + (1 =) (1 + Ky ) piy]
V(1 + swrvpwv)n + (1 =) (1 + k)
VO+ ) DA+ 5P + 1=+ s§)]

This completes the proof. O

5 Proof of Equations (14) and (15)
5.1 Proof of Equation (15a)

Proof. For the sake of notational convenience, define the following quantities:
aw =1+ Ii%/ ay =1+ H%/ awy =1+ KwKvpwy , (SM.16)

and the function g as it follows:

g(v,maw,av) = aw [yayn® + (1 —)aw] ;
then note that:

99
37 = 2’y awayr.
n

It is now possible to compute the first derivative of (13) with respect to 7 as
it follows:

g COI'(Wm’U,, Wmu) _ E Yyawvn + (1 - ’7)(J,W _
on o 9(v,m,aw, ay)

_ vawv gy, maw,av) — [yawvn + (1 = y)aw]yawavn _
L9, m, o, )P/
(1 =) ajy (awy — ayn)
(aw [yavn? + (1 — y)aw])®*

If the previous derivative is set to zero and the equation is solved with respect
to n, optimality condition (15a) is found. O
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5.2 Proof of Equation (15b)

Proof. Using notation shortcuts defined in (SM.16), it is possible to compute
the first derivative of (13) with respect to ky as it follows:

icor(Wm%Wmu) _ 4 [rawvn+ (1 —y)aw | _
dKV dK/V 9(77 n,aw, CLV)

pwvew [vayn® + (1 —y)aw] — [yawvn + (1 —Yaw]kvn
l9(v,m w5 )2
0 (pwvew — kv) + (1 =) (1 + w&3) (pwvEw — Kvn)
[9(v, 1, kv )]/

=naw

= (1 + Kiy)

If the previous derivative is set to zero and the equation is solved with respect
to Ky, optimality condition (15b) is found. O

5.3 Proof of Equation (14)

Proof. Correlation (13) is maximised with respect to 7 and kv if both condi-
tions (15) are satisfied. It follows that if the system of two equations (15) is
solved with respect to n and Ky, solution (14) is found.

This can be easily verified if (15a) is substituted in (13), and the result is
maximised with respect to xy:

d <7awv77 + (1 - 7)aw> _

dK/V 9(7777101‘/‘/70"/)
d 2 —1 (1 _ d 5
== Yawy Ay +1( v)aw == \/1 4y aaW; _
v \/aw [’ya%‘,v ay, +(1— ’y)aw} v wev

2

ay -1/ aw

\%4

= (1 -7+ V> 0 ) (KWPWV - KV) .
aw ay aw Qy,

If the previous derivative is set to zero and the equation is solved with respect
to Ky, optimality condition (14) is found for ky. If k}, = kwpwy is substituted
in (15a), optimality condition n* =1 in (14) is found. O
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